CHUONG 2
PHUONG TRINH MAT PHANG

TOM TATLY THUYET
I. VECTO PHAP TUYEN (HAY PHAP VECTO) CUA MAT
PHANG

Vecto 71 # 0 goi 1a vipt ciia mit phang @ néu gia cua 7 vudng
g6c mit phing « .
Vipt cia mp o thuong ky hiéu la F;a

Néu 7t 13 vtpt ciia mit phing o thi k.7 (k£0) ciing 12 vtpt caa
mit phing o .

Cho 2 vecto &, b khac & va khong cing phuong.
Néu gia cua &, b song song hogic ndm trén mit phing « thi =
= [&, b] 1amot vipt cliamp o .
Il. PHUONG TRINH MAT PHANG
Ax+By+Cz+D =0(A%+B?+C?#0)

Phuong trinh mit phing qua diém M(xo,Yo,Zo) Va €O Vipt 7 =
(AB,C) la:

A(X-Xo) + B(y-yo) + C(z-2,) =0

Néu mat phéng a Cit cac truc Ox,0y,0z lan luot tai A(a,0,0),
B(0,b,0), C(0,0,¢) (a,b,c£0) thi ¢ c6 phuong trinh:

eV, Z_
E+E+E—l (1)

Ta goi phuong trinh (1) 1& phwong trinh mat phdng theo
doan chan.
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Trwong hop dic biét:

1) Cho mat phang a : Ax+By +Cz+D=0
.o quagécO D=0
.o [lOx<& A=0vaD#0.
. a qua(chta) Ox & A=D=0
.a ll(Oxy) ® A=B=0vaD#0
Cac truong hop «a //Oy; a //I0z; a qua Oy; a qua Oz; a /I
(Ox2); ¢ // (Oyz) duoc suy ra tuong tur.
2) Phuong trinh cac mit phing toa do:
.(Oxy):z=0
.(Oxz):y=0
.(Oyz):x=0

I11. VI TRi TUONG POI GIUA HAI MAT PHANG:
Cho 2 mit phang :

a:AX+By+Cz+D=0 (n. =(ABC))
a AX+BY+CZ+D'=0  (n.-=(A"B'C)

1) acita’ < ABC#AB:C’ ® [Ny, ne]# 0
A B C
(KyhituA:B.C=A"B:C & —=—= )
Ar Er Cr
2 /Il o’ <2:(>i — E — E = E
Jalla e = =™
A B o D

= 1@—:—:—:_
3)a @ Aar B cr Dr

8) a L a’ Ny.Ne =0 AA’+BB’ +CC’ =0
IV. KHOANG CACH TU MQT DIEM DPEN MQT MAT
PHANG
Khoang cach tir diém M(Xo,Yo,Zo) dén mit phang o :
Ax+By+Cz+D=0
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|Axq+By,+Czp+D
JAZ4B24C2

dM, a)=

Trwong hop dac biét:

Khoang cach tur diém M dén cac mat ph'fmg toa do:
d(M,(Oxy)) = [z

d(M,(0x2)) = lyo|

d(M,(Qy2)) = [x|

V. GOC GIUA HAI MAT PHANG

Cho 2 mit phing «, o’ lin luot ¢6 vipt 1a 7 = (AB,C), =’ =
(A’,B’,C1)

Goc gitra a va a ’ cho boi:

|Ani| _ | AA+BB+CC|
|ﬁ’||ﬁ|_ \/ 2 2 2\/ 2 o2, 2
A +B° +CVA+B“+C

cos(a ,a *) = |cos(r, n')| =

Céan nhé:

1) Néu mit phang « qua 3 diém A,B,C thi Fl)a = [4E, AC]

2) Néu mit phang « ’ // mit phang a: Ax+By + Cz+ D =0
thi: & ’: Ax+ By + Cz+ D’ =0 (D’ #D, D’ chua biét)

3) Néu mit phang a ¢6 1 vipt la# = (A,B,C) thi:

a i Ax+ By + Cz+ D=0 (D chua biét)

4) Cho mit phang mp o : Ax + By + Cz + D = 0. Dit f(x,y,z) =
Ax+By+Cz+D

Taco:

fxmymzm). FOnYnZa) > 0 <> M va N ndm cung phia déi voi
mit phang « .

fOxmyYmzm). FOnYnZn) < 0 <> M va N nam khac phia dbi véi
mit phing o .
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BAI TAP

Bai 1: Cho 2 mit phing :a: 2x-my+3z-6+m=0; o (M+3)x — 2y +
(5m+1)z-10=0

Tim m dé:

a/ atrling o

b/ acito

¢/ a vudng goc o

Giai:
) o 2 -m_ 3 —6+tm & m=1
a/ o trin —— = m=
* g o m+3 -2 5m+1 —10

b/ ng = (2, -m, 3), n = (M+3, -2, 5m+1)
=> [, 0y ]=(-5m"—m+6,-7m+7, m* + 3m -4)
Ta co:

o —5m*—m+6 =0
ocito & [7,, nf]¢0<i> —Tm+7 0 ©m#l
mr+3m—4 =0

c/Tap():
ol oa®n, ny=0&2m+3)+(-m)(-2) +36Gm+1)=0
& m= _i
19

Bai 2: Viét phuong trinh mit phang:

a/ Pi qua 3 diém A(2, 0, -1), B(1,-2,3),C (0,1, 2)

b/ Di qua 2 diém A(1, 1, -1), B(5, 2, 1) va song song truc Oz

¢/ Piqua 2 diém A(1, 1, -1), B(5, 2, 1) va vudng goc mit phang
B:-x+z+10=0

d/ Pi qua truc Ox va diém N (3, -1, 2)

e/ Pi qua diém M (2, -1, 4) va song song mpa: 3x —y +22 =0

Giai:

a/ Goi (P) 1a mat phang can tim.

= [4B,AC]=(-10,-5,-5)=-5(2, 1, 1)
== (P):2(x—-2)+y+1(z+1) =0 2x+y+2z-3=0
b/ Goi (Q) 1a mat phang can tim.
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Ozcovicp k=(0,0,1), AB=(4,1,2)

n, = [4B. k] = (1, -4,0)

== (@) 1(x—1)—4(v—1) =0 x-4y+3=0

¢/ Goi (R) 1a mit phang can tim.

ng =(-1,0,1)

ng = [4B, 7] = (1,6, 1)

==[R):1(x-1)-6(y-1)+1(z+1)=0x-6y+z+6=0

d/ Goi (T) 1a mt phing can tim.

2,.=1=(10,0)

n;=[0N,7]=(0,2,1) =>(T):2y+z=0

e/ Goi (S) 1a mit phang can tim.

(5)//a=> n =mn,=(3,-1,2)

== (5):3(x—-2)—1(y+1)+2(z—4)=0 & 3Xx-y+
2z-15=0

Céach khac

(5)// o => (S):3x-y+2z+D=0 (D#0)

Me(5)==6+1+8+D=0¢& D=-15

=>(S):3x-y+2z-15=0
Bai 3: Viét phuong trinh mit phing (P) qua diém M(2, -1, -5) va
vudng goc véi 2 mit phang:
a:x+3y-z=0 ,B:2x+y—-4z-8=0

Giai:

Me=(1,3-1),ng= (2 1, -4) =>7, = [n; 7] = (11,2, -5)
==P):-11(x-2)+2(y+1)-5(z+5)=0 < -11x+2y -5z2-1=0
Bagi 4: Viét phuong trinh mit phang o qua diém M(4, -1, 1) va cat
céc tia Ox, Qy, Oz lan luot tai A, B, C sao cho OA = 20B = 30C

Giai:

Goi A(a, 0, 0), B(0, b, 0), C(0, 0, c) (ab,c>0)

x Z

¥
o —+-+-=1
a b c
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4 1 1
Mea=>—-—-+-=1 (1)

a b ¢ . .
OA=20B=30C=>a=2b=3c=>b=,c=7
Thayvao(l):

3 5 [
- —+—-1 =>a= 5b—— =—
a a 3
x 2y

N AN P
>oz5+5+5 1&x+2y+32-5=0

Bai 5: Cho 2 mit phang:
o 2x-y+2z-4=0; B: -4X+2y—-4z+9=0
a/ Ching minh rang o // . Tinh khoang cach gitra a va
b/ Viét phuong trinh mét phing (P) cach déu o< va #
Giai:
I T I S
, aco: T =7 —_4¢ g ¢ B
Léy A0, -4,0) € o

d (o, B)=d (A, B)=7
b/ Ta co:

M(x,y,2) € (P) & dM, o) =d(M, B)
o |2x—y+2z—4| |-4x+2y-4z+9]

3 - 6
2x—v+2z—4= 2x+y—2z+

|—8+9|

l
V164 4—|-'16 =

B |

&
2x—y+2z2—4=2x—v+2z—

B |

(loai)
& 2X-y+2z- 17 =0
4
Bai 6: Tim diém M e Oz biét:
a/ M cach déu diém A (2,3,4)vamp (P): 2x+3y +z-17=0

b/ M cach déu 2 mit phang o: x +y—z+1=0Vvap: x-y+z+
5=0

Giai: M € Oz => M(0, 0, 2)
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—-17
a/ Taco: MA=d(M,(P)) & ,j4+ 9+ (z—4)* = Izq|

V1
, (2=17)7
L3+ (z—4) =—"F=
Via
& 1322-78z+117=0
~>z=3
Vay M(0, 0, 3)
b/ Ta co:
|—z+1| |z+5]|
dM,0)=d(M,B)® —=—=—F=
V3 V3

o |[ —z4+1= z+5 & 7=0

—z+1= —z—5 (leai)

Vay M(0, 0, -2)
Bai 7: Cho tam giéc ABC c6 A3, -1, 4), B (2, 1, -2), C(L, -3, 5)

Goi A', B', €' lan luot 13 diém dbi xtng cua A, B,C lan lugt qua
Ox, Oy, Oz. Tinh khoang c4ch tir trong tim G ctia tam giac A'B'C’
dén mat phang (OAB).

Giai:

Taco: A' (3,1, -4), B' (—=2,1,2),C' (-1, 3,5)

A 5 . = — e —
=>trong tam G(0, 7, 1); 7ios = [04,0B]=(-2,14,5)

=> (OAB): -2x + 14y +52 = 0 =>d (G,(OAB)) = g

Bai 8: Cho 2 diém A(0, 0,-3), B(2,0,-1) vamp (P): 3x -8y + 7z -
1=0
Tim toa do diém C € (P) sao cho AABC déu.
Giai:
Goi C (x,y, z). Taco:
AC=AF [..ﬂl('."“' — AB’
AC=FBC ,{AC* = B(*?
C € (P) t C € (P)
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ity 4 (z43) =38
Caxt+ v+ (z+3)P= (x—2)*+ ¥+ (z+1)°
3x—8y+7z—1=20
*+ y*+ (z+3)° =8 (1)

Odx+z+1=0 (2)
3x—8y+7z—-1=0 (3)
—x-Z
Dva@B)=>z=-x-1,y= 2
Thayvao @:
{x+2}2

(x—2=8 © 9x*-12x-12=0
x-—-E ==y=—-2,z= —3
R ﬂ -2 -2 -1
= — ==y = — , 2= —
3 < 3 3
» . -2 -2 -1
Viay ¢6 2 diém C: C(2,-2,-3) va C(?,?,?)

Bai 9: Viét phuong trinh mat phang (P) qua 2 diém A(3, 0, 0), C(0,
0, 1) thoa diéu kién

, . . 7
a/ (P) cat Oy tai diém B sao cho AAEC co dién tich bang >
b/ (P) tao voi mat phang (Oxy) goc 30°.
Giai:
a/ BEQOy=>B(0,b,0)
Néub=0=>Btring O => Spgc = % (trai gia thiét). Vay b= 0
P A T
=>P): 3+ + . 1
Taco: AB =(-3,b,0), AC=(-3,0,1) =>[4B,AC]= (b, 3, 3b)

= Sasc :é [E, E] = %\llOb2 +9

Do 6: SABC—_¢>_ 10b? + _— =+2
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= (P): gi %+§:1

b/ Goi B =( P) N Oy => B(0, b, 0) (b0; vi néu b = 0 thi
(P)=(Oxz) => (P) L (Oxy))

= (P): —+—+—_1¢> bx + 3y +3bz-3b=0

7= (b, 3, 3b): (Oxy) co vipt k= (0, 0, 1)

Taco:
— —_— =
Mpkc| V3 |3b] W
cos ((P),(Ox c0s30° & === — & ———==—
(( )( y)) |np ||.|!{ | 9 ".EJ‘E +9+9b2 2

Bai 10: Cho 2 diém A(2, 0, 0), B(0, 1, 1) va mat phang o: 2x -y + 2z
+9=0

Tim diém C e Oz sao cho mit phing (ABC) tao v&i mét phéing a
goc 60°.

Giai:

Tacd:C € Oz=>C(0,0,m)

AB=(-2,1,1), AC=(-2,0,m)

=>mp(ABC) ¢ vipt 71 = [AF, AC] = (m, 2m -2, 2)

ﬁ(1 = (21 -11 2)
Ta co:
- — 0 el 1 6
‘COS(n,na)‘ZCOSGO @ === - =—
o ||| 2 Jmé+ 2m=2)é+4 .3 2
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4421
< 5m?-8m-8=0 & m= ——

4+2.14
5

C (0,0, )

Bai 11: Viét phuong trinh mit phang (P) chira truc Ox va Cit mit cau

(S): x> +y*+7° - 2x +4y + 2z -3 =0 theo 1 dudng tron c6 ban kinh
bang 3.

Giai:

(S) ¢6 tam I(1, -2, -1), ban kinh R = 3. (bang ban kinh duong tron
giao tuyén) suy ra (P) cit (S) theo duong tron Ién => (P) qua |

Taco:

(P) chira Ox => (P): By +Cz=0 (B*+C?#0)

|l e (P)=>-2B-C=0 =>C=-2B

=>(P):By-2Bz=0&y-22=0

Bai 12: Viét phuong trinh mit cau (S) c6 tdm thudc truc Oy va tiép
xUcC Vi 2 mdt phang:

o 2x+y—-3z+5=0vap:2x+y-3z-11=0
Giai:
Goi I 1a tdm cua (S)
| € Oy =>1(0, m, 0)

, +5 -11
(S) tiép xtc o, p < d(I, @) = d(I, B) © m S| _lm—11]
v 14 + 14

© Im+5]=|m-11]© m=3 => (0, 3,0)

| o

(S)cobankinh: R=d(1,a) = o
N

=

=(S) K+ (y-3f + 2=
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Bai 13: Cho mit cau (S): xX°+y*+ 2% +4x -2y +6z-2=0va
mit phing (P): 2x -3y +6z-3=0

Viét phuong trinh mat phang (Q) // (P) va tiép xtc (S)

Giai:

(S) c6 tam 1(-2, 1, -3), ban kinh R = 4

@) /IP)=>(Q):2x-3y+6z+D=0 (D#-3)

Taco:
|D—25|

(Q) tiép xtc (S) © d(l, (Q)) =R & ——=4

D = —3 (loai)
D =53
=>(Q): 2x-3y +62+53=0
Bai 14: Cho 4 diém A(1, 5, 3), B(4, 2, -5), C(5, 5, -1), D(1, 2, 4).

a/Viét phuong trinh mat cau (S1) di qua 3 diém A, B, C va c6 tam
nam trén mat phang (Oxz).

b/ Viét phuong trinh mit cau (Sy) di qua 4 diém A, B, C, D.
Giai:

a/ Goi I 1a tdm cua (S;)

| € (Oxz) =>1(4a,0,c)

= (Sy): X2 +y?+ 7 —2ax—-2cz+d=0

Ta co:

Ae (S)=>35-2a-6¢c+d=0 (1)

B e (S1)=>45-8a+10c+d=0 (2)

Ce (S))=>51-10a+2c+d=0 (3)

(1), (2), (3) cho: a:% =l g1

=]

s |
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_ L2 2 2 22 2 14"?_
=>(Sy): X+y +z '?x_EZ_T‘O

b/ Pt (S;) ¢ dang:
X2 +y?+ 77— 2ax—2by—2cz+d =0
Ae (S)=>35-2a-10b—-6c+d=0 (1)
B e (S)=>45-8a—4b+10c+d=0 (2)
C e (S))=>51-10a-10b+2c+d=0 (3)
D e (S)=>21-2a-4b—-8c+d=0 (4)
1), 2,3, (@) cho:a=1,b=2,¢c=-1,d=-19
=>(S)): X+ Y2+ 77— 2x -4y +22-19=0
Bai 15: Viét phuong trinh mit ciu:
a/ c6 tam 1(-3, 2, 4) va tiép xtic mit phang (Oyz)

b/ ¢6 bén kinh bang 4, tiép xic mit phing (Oxy) va ¢ thm nam
trén tia Oz

Giai:

a/R=d(l, (Oyz))=3

=> Pt mat cdu: (x +3)%+ (y—2)*+ (z-4)*=9
b/ Goi I 1a tAm ctia mit cau

| e iaOz=>1(0,0,c) (c>0)

d(l, Oxy)) =R & [c|=4 < c=4=>1(0,0,4)
Pt mat cau:

X+y’+(z-4) =16

BAI TAP TU LUYEN

Bai 1: Viét phuong trinh mit phang a biét mat phang a:

a/Diqua3diém A3, 1,0), B2, 1,-1),C(4,-1,5)
b/ bi qua diém M(-1, 2, 3) va vuong goc duong thang AB vai
A4, 1,1),B(5,-1,3)
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¢/ Piqua diém M(2, -2, 1) va song song mat phang p: 2x +y —
3z-10=0

d/ Bi qua truc Oy va diém M(-1, 6, 4)

e/ Piqua 2 diém A(l, 2, 1), B(4, 3, -1) va song song truc Oz

Bai 2: Viét phuong trinh mat phang (P) biét:

a/ (P) qua 2 diém A(-1, 1, 4), B(2, 0, 3) va vubng goc mat phang
Q):x-y+2z-3=0

b/ (P) qua diém M(3, -1, -5) va vudng goc voi 2 mit phing

3X-2y +2z+7=0, 5x-4y+3z+1=0

¢/ (P) nhan diém N(2, 1, -3) I hinh chiéu ca gbc O trén (P)

Bai 3: Tim a va b dé 2 mit phang sau song song:
2x+ay+2z+3=0vabx+2y-4z+7=0
Bai 4: Tim m dé 2 mat phang sau cdt nhau
2X—-my+3z-6+m=0va(m+3)x-2y+(Gm+1)z-10=0
Bai 5: Tim a dé 4 diém A(1, 2, 1), B(2, a, 0), C(4, -2, 5), D(6, 6, 6)
thudc cing 1 mat phang
Bai 6: Tim diem M thudc truc Ox cach déu diem A(1, 1, -1) va mit
phang (P): x-y-z-5=0
Bai 7: Cho2matphango: x+2y-z+3=0,p: 3x-y+z-5=0
Viét phuong trinh mét phang (P) qua giao tuyén cua o, p va:
a/ qua diem M(3, 0, 1)
b/ song song truc Oy

¢/ vudng goc mat phang Q):x-y-32+6=0
d/ cat truc Ox tai diém N sao cho ON = 1

Bai 8: Viét phuong trinh mat phing di qua 2 diém M(0, 2, 0), N(2, 0,
0) va hop v6i mit phiang (Oyz) goc 60°

Bai 9: Viét phuong trinh M3t cau ¢6 tam thude truc Oz va tiép Xuc
V61 2 mat phang:
2x+y-3z-1=0, x-2y+3z+5=0

Bai 10: (PH 08B)
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Cho 3 diém A(0,1, 2), B(2, -2, 1), C(-2,0, 1)

a/ Viét phuong trinh mit phang (ABC)

b/ Tim toa d6 diém M e mat phang (P): 2x + 2y +z—3 = 0 sao
cho MA = MB = MC.

Bai 11: (DH.10B)

Cho 3 diém A(1, 0, 0), B(0, b, 0), C (0, 0, c) (b>0, c>0) va
mit phang (P): y —z+ 1 = 0. Xac dinh b, C biét (ABC) vuong goc (P)

va khoang cach tir gbc 0 dén (ABC) bang -

Bai 12: (DH.10D)
Cho 2 mit phang (P):x +y+z-3=0, (Q):x-y+z-1=0

Viét phuong trinh mat phéng (R) vudng goc véi (P) va (Q) sao
cho khoang cach tir goc O dén (R) bang 2

Bai 13: (PH.08D)
Cho 4 diém A(3, 3, 0), B(3, 0, 3), C(0, 3, 3),D(3, 3, 3)
a/ Viét phuong trinh mit cau di qua 4 diém A, B, C, D.
b/ Tim toa d6 tAm dudng tron ngoai tiép AABC.

Bai 14: (BPH.09A)

Cho miit phang (P):2x — 2y — z — 4 = 0 va mit cau (S): X +y* +
7% — 2x — 4y — 6z — 11=0. Chimg minh rang (P) cit (S) theo 1 duong
tron. Xac dinh toa d6 tim va tinh ban kinh ctaa duong tron.

Bai 15: (DH.09B)
Cho tix dién ABCD c6 A(1, 2, 1), B(-2, 1, 3), C(2, -1, 1),D(0, 3, 1).

Viét phuong trinh mét phang (P) Xi qua A B sao cho khoang
cach tir C dén (P) bang khoang cach tir D dén (P)
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